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We propose a method for implementing automated state transformations on single-photon mul-
tipath qudits encoded in a one-dimensional transverse spatial domain. It relies on transferring the
encoding from this domain to the orthogonal one by applying a spatial phase modulation with
diffraction gratings, merging all the initial propagation paths with a stable interferometric network,
and filtering out the unwanted diffraction orders. The automated feature is attained by utilizing a
programmable phase-only spatial light modulator (SLM) where properly designed diffraction grat-
ings displayed on its screen will implement the desired transformations, including, among others,
projections, permutations and random operations. We discuss the losses in the process which is, in
general, inherently nonunitary. Some examples of transformations are presented and, considering a
realistic scenario, we analyse how they will be affected by the pixelated structure of the SLM screen.
The method proposed here enables one to implement much more general transformations on mul-
tipath qudits than it is possible with an SLM alone operating in the diagonal basis of which-path
states. Therefore, it will extend the range of applicability for this encoding in high-dimensional
quantum information and computing protocols as well as fundamental studies in quantum theory.
PACS numbers: 42.50.Dv, 03.67.-a
I. INTRODUCTION
The physically allowed transformations of quantum
states, namely, quantum operations, are one of the basic
requirements for any task in quantum information pro-
cessing and computing [1]. They are also at the core
of many fundamental issues in quantum theory, for in-
stance, the formulation of contextuality in terms of state
transformations [2, 3].
The optical approaches on these phenomena require
the ability to implement operations on the photonic de-
gree of freedom used to encode information. If, on one
hand, the single-photon polarization offers the simplicity
for dealing with the state transformations, on the other
hand, it is constrained to lie in a two-dimensional Hilbert
space, thus ruling out any possibility of accessing higher-
dimensional spaces with single-photon states. That is,
with this encoding one is restricted to qubit-based appli-
cations only, losing the many advantages that can be ex-
ploited from high-dimensional encodings [4–6]. However,
using the transverse spatial profile of a single-photon mul-
timode field, there is, in principle, no limit to the infor-
mation content it can carry out. This can be seen by
decomposing the field profile into any infinite orthonor-
mal discrete basis of functions, such as Hermite-Gauss or
Laguerre-Gauss functions [7], among others. In partic-
ular, the Laguerre-Gauss decomposition shows that one
can encode information in the infinite-dimensional orbital
angular momentum (OAM) states of single photons [8].
Restricting this encoding to finite D-dimensional sub-
spaces, one generates OAM qudit states which is, cur-
rently, one of the main experimental approaches to in-
vestigate practical and fundamental issues in quantum
mechanics for high-dimensional systems [9–13].
Another successful and, perhaps, simpler approach to
encode information in high-dimensional spaces using the
photonic spatial degree of freedom is to split its trans-
verse profile into a finite set of D distinguishable spatial
modes of propagation. This can be done in many ways,
for instance, with a multiport beam-splitter [14], an ar-
ray of slits (or pinholes) [15, 16], a multicore optical fiber
[17–19], and so on. This type of encoding, which we shall
refer as a multipath qudit, may be implemented either in
a one-dimensional (1D) spatial domain (e.g., with an ar-
ray of slits) or in a two-dimensional spatial domain (e.g.,
with a multicore fiber). Here, we will consider only 1D
single-photon multipath qudits.
Recently, the use of programmable spatial light modu-
lators (SLM) has enhanced the potential for this encod-
ing, providing advances ranging from automated state
preparation [20] to automated state transformations [21].
In turn, these advances provided a fertile ground for
many recent applications of these multipath qudits such
as the demonstration of novel quantum tomographic
techniques [22, 23], quantum algorithms [24], entangle-
ment characterization [25] and concentration [26], simu-
lation of decoherence [27], quantum key distribution [28],
state discrimination [29], and contextuality tests [30–32].
However, regarding the transformations (in which the fi-
nal state is preserved), so far the operations implemented
via SLMs have been restricted to diagonal ones in the ba-
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2sis of which-path states. In addition, they are, in general,
state dependent, i.e., if one wants to implement a given
transformation on the qudit, the SLM must be configured
differently depending on the input state [21, 26]. These
features, altogether, are limiting and unwanted if more
general transformations are required: for instance, trans-
formations with non-zero off-diagonal elements could be
used to simulate quantum jumps [27]; state-independent
operations preserving the final state would be suitable to
implement sequential transformations [33, 34].
With the goal of extending even more the range of
applicability for these 1D single-photon multipath qu-
dits, in this work we propose a method for implementing
automated transformations on their states, which will
be much more general than the current ones described
above. Our method relies on transferring the encoding
from the 1D spatial domain, say x, to the orthogonal one,
y. This will be accomplished by applying a spatial phase
modulation with diffraction gratings in the y direction,
merging all the initial propagation paths in the x direc-
tion with a stable interferometric network, and filtering
out the unwanted diffraction orders at the output plane.
The automated feature is attained by utilizing a single
programmable phase-only SLM, where properly designed
diffraction gratings displayed on its screen will implement
the desired transformations. We discuss the losses in
the process which is, in general, inherently nonunitary,
present some examples of transformations and analyze
how they will be affected by the pixelated structure of
the SLM screen.
This paper is organized as follows: in Sec. II we briefly
review the formalism of quantum operations and define
the multipath qudit states encoded in a 1D spatial do-
main. In Sec. III we describe our proposal for automated
transformations on these qudits. In Sec. IV we present
some examples of possible transformations, discuss how
to implement them in practice, and analyze the effects of
the pixelation in the SLM. Finally, in Sec. V we conclude
and discuss some perspectives.
II. BASIC CONCEPTS
A. Quantum operations
Mathematically, operations in quantum states are rep-
resented by a linear, completely positive, and trace non-
increasing map Λ [1, 35] transforming a quantum state ρ
into another quantum state ρ′, i.e.,
ρ→ ρ′ = Λ(ρ), (1)
where ρ and ρ′ act on a D- and d-dimensional Hilbert
space (H and H′) respectively. The map Λ always admits
a decomposition called Kraus representation, in which
Λ(ρ) =
∑
l
KlρK
†
l , (2)
where {Kl} is the set of Kraus operators. For a given
Λ, a set of Kraus operators can always be found with
at most Dd elements [35] . They satisfy
∑
lKlK
†
l ≤ I,
where I is the identity acting on H and the equality holds
for trace-preserving maps.
In the presentation of our proposal in Sec. III, we focus
our discussion into transformations (M), both unitary
and nonunitary, taking a pure state into another pure
state, i.e.,
|ψ〉 → |ψ′〉 =M|ψ〉. (3)
In Sec. IV B we shall extend it to more general transfor-
mations taking a pure state to a mixed one.
B. Single-photon multipath encoded qudits
Let us consider a paraxial and monochromatic single-
photon multimode field propagating along the z direc-
tion. Assuming purity, we can write its state in a given
transverse plane z as [7, 15, 36]:
|Ψz〉 =
∫
dxψz(x)|1x〉, (4)
where x = (x, y) is the transverse position coordinate
and ψz(x) is the field amplitude profile at this plane sat-
isfying
∫
dx|ψz(x)|2 = 1. Now, let ψz(x) be given by a
superposition of Gaussian functions of radius ωz centered
at y = 0 and x = xl (for l = 1, . . . , D), and modulated
by complex coefficients αl. Thus
ψz(x) =
D∑
l=1
αlA exp
[
− (x− xl)
2 + y2
ω2z
]
, (5)
where A is a normalization factor and
∑
l |αl|2 = 1. We
define the l-th Gaussian mode displaced in the x direction
as
|X zl 〉 ≡
∫
dxA exp
[
− (x− xl)
2 + y2
ω2z
]
|1x〉
=
∫
dxGz(x− xl)Gz(y)|1x〉, (6)
whereGz(ξ) =
√
A exp (−ξ2/ω2z). Replacing Eqs. (5) and
(6) into Eq. (4), we finally arrive at
|Ψz〉 =
D∑
l=1
αl|X zl 〉. (7)
If xl = (l − 1)χ in Eq. (5) and χ > 2ωz, the overlap
between the Gaussians will be negligible and, with good
approximation, we will have
〈X zl |X zj 〉 ≈ δlj , (8)
so that the states {|X zl 〉}Dl=1 will be nearly mutually or-
thogonal. Therefore, the single-photon state in Eq. (7)
3will represent a multipath qudit with the information en-
coded in the paths defined by the Gaussian modes (6) in
a 1D spatial domain. This state could be prepared, for
instance, by sending a single photon with a collimated
Gaussian profile ψz(x) through a properly designed set
of wave-plates and polarizing beam displacers, as recently
demonstrated in Refs. [14, 33, 37–39].
III. TRANSFORMATIONS ON MULTIPATH
QUDIT STATES
We now describe our proposal to implement a given
operation represented by the matrix M that transform
the multipath qudit state |Ψz〉 in Eq. (7) in the following
way
M : |Ψz〉 → |Ψ′z′〉 =
d∑
l=1
βl|Yz′l 〉, (9)
where
∑
l |βl|2 = 1, d is an arbitrary positive integer,
and |Yz′l 〉 is given by Eq. (6) by interchanging x and y.
Thus, the qudit state initially encoded as a superposition
of Gaussian modes displaced along the x direction at an
input transverse plane z, will be transformed into another
qudit state given by the superposition of the Gaussian
modes along the y direction at an output transverse plane
z′.
A. Phase modulation in the y direction
The first key element in our proposal is the use of a
phase-only SLM acting on the y direction of the single-
photon field profile. Consider a rectangular SLM divided
into D non-overlapping rectangular regions of width a >
2ωz and centered at xl = (l − 1)χ for l = 1, . . . , D. At
each region we address a given function Φl(y) to be spec-
ified later. Thus the transmission function of this SLM
can be written as
T (x) =
D∑
l=1
eiΦl(y)Rect
(
x− (l − 1)χ
a
)
Rect
( y
L
)
, (10)
where L is the size of the SLM in the y direction. Fig-
ure 1 shows an example of a phase mask we shall consider
here. The SLM acts according with the polarization state
of the incoming field. We assume that the photon is hor-
izontally polarized which will be the working direction of
the SLM. With these assumptions, each Gaussian mode
l is modulated only by the phase function eiΦl(y). There-
fore, using Eqs. (5) and (10), the transmitted field profile
ψzT (x) will be given by
ψzT (x) = T (x)ψz(x)
≈
D∑
l=1
αlGz(x− xl)Gz(y)eiΦl(y). (11)
l=8
a
L
x
y
l=1 l=2 l=3 l=4 l=5 l=6 l=7
FIG. 1. Example of a phase mask addressed at the SLM that
we will consider in this work. Its transmission function is
given by Eq. (10) for D = 8, where the Φl(y)
’s are diffraction
gratings.
To set the notation for the next discussion, the photon
state in a given transverse plane z1 after transmission
through the SLM, will be
D∑
l=1
αl
∫
dxGz1(x− xl)Pz1{Gz(y)eiΦl(y)}|H〉|1x〉, (12)
where |H〉 is the state of horizontal polarization, that will
be explicitly shown in the following calculations; Pz1{·}
describes the propagation of the modulated y component
of the field profile by a distance z1. Its actual effect will
be described later. The x component of the profile, which
is not modulated by the SLM, propagates without chang-
ing its shape, since we have considered it to be collimated.
B. Merging the paths in the x direction
The second key element of this proposal is to merge
the D paths in the x direction (which define the qudit
state) into a single one. For this we shall use the photon
polarization as an auxiliary system and the interferomet-
ric arrangement similar to the ones in [39–41] sketched
in Fig. 2. This interferometer is composed by D − 1 po-
larizing beam displacers (PBD), polarizers and optical
path compensators, and 2D−2 half-wave plates (HWP).
In the PBDs we assume that a vertically polarized pho-
ton is directly transmitted and a horizontally polarized
undergoes a lateral displacement in the x direction by a
distance χ equal to the center-to-center separation be-
tween neighbor paths. For each PBD, the HWPs before
and after it are set to transform the incoming polarization
state into |V 〉 and |H〉, respectively. The optical compen-
sators provide the superposition for the transmitted and
displaced paths while the polarizers after the PBDs are
used to erase the which-path information, thus ensuring
the required interference effect.
Let us see now how the multipath qudit state after the
action of the SLM [Eq. (12)] evolves along this setup.
We start the procedure for the paths 1 and 2 in Fig. 2.
In the path 2, the HWP transforms |H〉 → |V 〉. After
the PBD and the compensator, the paths 1 and 2 are
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FIG. 2. Sketch of the proposed setup for implementing auto-
mated state transformations on single-photon multipath qu-
dit states. A source generates such states encoded in the x
direction [see Eq. (7)] with horizontal polarization. A pro-
grammable phase-only SLM addressed by a phase mask given
by (10) modulates the y component of the field profile, trans-
forming the qudit state into (12). The first inset shows, with
purposely exaggeration, a representation of the state at this
point. The interferometric network described in the text ac-
complishes the transfer of the encoding from x to y direction,
generating the state (15). The cylindrical lens, which has the
SLM in its focus, ensures that the diffraction orders will not
separate too much and have approximately parallel propaga-
tion along the interferometer. It also ensures that they will be
described at the back focal plane by the Fourier coefficients
of the gratings displayed at the SLM screen. The transforma-
tions are defined by the phase gratings displayed at the SLM
screen, as we show in Sec. III C and produce the unfiltered
state (24). After a proper spatial filtering, the transforma-
tion (9) is accomplished, and the transformed multipath qu-
dit state is now encoded in the y direction, as illustrated in
the second inset.
merged and Gz1(x − x1) → Gz1(x − x2). Polarizer 1
projects the photon polarization in this merged path into
1√
2
(|H〉 + |V 〉) and a HWP transform it back to |H〉.
After all this, the state postselected from the polarization
projection becomes
1√
2
2∑
l=1
αl
∫
dxGz2(x− x2)Pz2{Gz(y)eiΦl(y)}|H〉|1x〉
+
D∑
l=3
αl
∫
dxGz2(x− xl)Pz2{Gz(y)eiΦl(y)}|H〉|1x〉,
(13)
where the first term corresponds to the merged paths 1+
2→ 1′ and the second to the remaining D−2 paths. This
procedure is iterative: for p = 2, . . . , D, the polarization
in the path p is transformed as |H〉 → |V 〉; then this
path is merged with path p − 1 (which may result from
previous mergings) in the (p − 1)-th PBD. In order to
erase the which-path information and minimize losses,
the (p− 1)-th polarizer projects the photon polarization
into 1√p (
√
p− 1|H〉 + |V 〉). Finally, this polarization is
rotated to |H〉. The general state postselected after these
transformations can be written as
1√
p
p∑
l=1
αl
∫
dxGzp(x− xp)Pzp{Gz(y)eiΦl(y)}|H〉|1x〉
+
D∑
l=p+1
αl
∫
dxGzp(x− xl)Pzp{Gz(y)eiΦl(y)}|H〉|1x〉,
(14)
now, with the first (second) term corresponding to the
merged p paths (remaining D − p paths).
Therefore, at the output of the interferometer in Fig. 2,
i.e., for p = D in the above description, the postselected
state of the output photon will be transformed as
|Ψz〉 → |Ψ′zD 〉 ≡
D∑
l=1
α′l|WzDl 〉, (15)
where α′l = αl/
√
D and
|WzDl 〉 =
∫
dxGzD (x)PzD{Gz(y)eiΦl(y)}|1x〉. (16)
In the above equation, we dropped the polarization state
which will play no role from now on and redefined the
origin in the x direction making xD = 0. Note that
the spatial mode label l is now only in the y component
of the single-photon field profile. Thus, with the whole
procedure described so far we were able to transfer the
encoding from a one-dimensional transverse spatial do-
main, x, to the orthogonal one, y. However, in order to
implement the proposed transformation (9), we must be
capable of transforming these D modes |WzDl 〉 defined in
the y direction into a set of d orthogonal modes, which
is our next topic.
As we will see next, the Φl(y) functions in the SLM
modulating the y component of the field profile, will be
phase gratings. Thus, for the interferometer to work
properly as we described, the generated diffraction or-
ders in y direction must propagate in parallel and with-
out separating too much (in order to pass through the
optical elements). To achieve this, we consider the SLM
to be in the focus of a cylindrical lens as shown in Fig. 2.
C. Creating orthogonal modes in the y direction
To create the required orthogonal modes, we first de-
fine the back focal plane of the cylindrical lens as our
plane of observation after merging the D paths, i.e.,
zD = f , as shown in Fig. 2. In this case, we replace
P{·} → F{·} in Eq. (16), where F{·} represents the
Fourier transform of the field profile in y direction [42].
At the focal plane we have ky = ky/f , where ky is the
5y component of the photon wave vector and k is its
wavenumber. Thus, we can denote the l-th y-component
mode function to be computed, as
Gl(y) = F{Gz(y′)eiΦl(y′)}(ky). (17)
If the Φl(y
′)’s are periodic functions with period T , we
can expand the Fourier series
eiΦl(y
′) =
∞∑
j=−∞
Cjle
2piijy′/T , (18)
where Cjl are the corresponding Fourier coefficients
Cjl =
1
T
∫ T
0
dy′ eiΦl(y
′)e−2piijy
′/T . Therefore, Eq. (17) be-
comes
Gl(y) =
∞∑
j=−∞
CjlF{Gz(y′)e2piijy′/T }(ky)
=
∞∑
j=−∞
CjlF{Gz(y′)}(ky − 2pij/T )
≡
∞∑
j=−∞
CjlG˜f
[
k
f
(y − yj)
]
, (19)
where G˜f = F{Gz} and yj = 2pijf/Tk. From Eqs. (15)
and (16), the single-photon field profile at the focal plane
of the lens, ψ′f (x), will be written as
ψ′f (x) =
D∑
l=1
α′l
∞∑
j=−∞
CjlGf (x)G˜f
[
k
f
(y − yj)
]
≡
∞∑
j=−∞
β′jGf (x)G˜f
[
k
f
(y − yj)
]
, (20)
where, recalling that α′l = αl/
√
D,
β′j =
1√
D
D∑
l=1
αlCjl. (21)
Since we considered the qudits encoded into Gaus-
sian spatial modes [see Eq. (5)], the Fourier transform
G˜f [(y − yj)k/f ] are also Gaussian with radius ω′f =
2f/ωzk. This shows the importance of the path com-
ponents having, as transverse profiles, eigenstates of the
Fourier Transform. The field profile will then be a super-
position of Gaussian modes along the y directions sepa-
rated by a distance ∆y = |yj − yj+1| = 2pif/Tk. If the
gratings period satisfies T < piωz/2, the overlap between
these Gaussian modes will be negligible and, similarly to
Eq. (8), we can write
〈Yfl |Yfj 〉 ≈ δlj , (22)
where
|Yfj 〉 =
∫
dxGf (x)G˜f
[
k
f
(y − yj)
]
|1x〉. (23)
Therefore, using Eqs. (20), (21), and (23), the single-
photon state postselected from the interferometer—after
the action of the SLM—will be given by
|Ψ′f 〉 =
1√
D
D∑
l=1
∞∑
j=−∞
αlCjl|Yfj 〉
=
∞∑
j=−∞
β′j |Yfj 〉, (24)
with the Gaussian modes |Yfj 〉’s satisfying the orthogo-
nality relation (22) and
∑
j |β′j |2 = 1.
Comparing Eqs. (9) and (24), one can see that the
state transformation |Ψz〉 → |Ψ′f 〉 is determined by the
Fourier coefficients {Cjl} describing the phase diffraction
gratings addressed at the SLM. More specifically, each
coefficient β′j [see Eq. (21)] of the transformed state is
constructed by multiplying each initial state coefficient
αl by the j-th Fourier coefficient from the l-th diffrac-
tion grating, Cjl, and adding them together. This means
that in order to have a transformation represented by the
matrix M it is necessary to choose the right gratings to
have Clj ∝Mlj : each Φl corresponds to the l-th column
of the implemented M. Since the gratings may be gen-
erated and controlled in automated way in the SLM, the
transformations proposed here can be completely auto-
mated as well.
D. Spatial Filtering
In Eq. (24), all the orders are taken into account. In
order to have finite dimension states and in a more real-
istic scenario, a spatial filtering is used.
The role of the spatial filtering is to define a finite
Hilbert space of dimension d for the resulting transformed
state, truncating the sum in expression (24). It can be
done by filtering out all but d orders, considering the
other orders as losses. This can be implemented at plane
z = zD or as soon as the orders can be distinguished (as
depicted in the second inset of Fig. 2). For simplicity, we
will assum that in either case the same orders are filtered
in each path. Let us use the following nomenclature:
the orders j that are not filtered belong to the interval
j1 ≤ j ≤ j2. Then, the fraction of the photons that will
be lost by spatial filtering is given by
τM =
D∑
l=1
 j1−1∑
m=−∞
|Clm|2 +
∞∑
n=j2+1
|Cln|2
 . (25)
It is important to note that this τM factor depends on
the matrixM which is implemented and we will see some
numeric values for some examples in Sec. IV. Finally, Eq.
6(24) is modified by filtering as follows:
|Ψf 〉 =
D∑
l=1
j1+d−1∑
j=j1
αl√
D
Cjl|Yj〉
=
d∑
j′=1
βj′ |Yfj′〉, (26)
where j′ = j − j1 + 1.
We can see that in this caseMj′l ∝ Cjl, but now con-
sidering only the non-filtered orders. This can be written
in matrix form as

m11 m12 . . . m1D
m21 m22 . . . m2D
...
...
...
...
md1 md2 . . . mdD
 = 1√D

Cj11 Cj12 . . . Cj1D
C(j1+1)1 C(j1+1)2 . . . C(j1+1)D
...
...
...
...
C(j1+d−1)1 C(j1+d−1)2 . . . C(j1+d−1)D
 . (27)
An interesting possibility that can increase the control
of the operation done by this proposal is to use another
transmission phase-only SLM before the state enters the
interferometer, for example the plane z = z1 in Fig. 2. If
the orders are already spatially separated so one can act
on each order individually, this second SLM can change
the phase of each coefficient, changing the matrixM. In
this case it can also allow to correct phase factors that
can arise from the propagation of higher orders through
the PBD.
IV. EXAMPLES AND TECHNIQUES
A. Some phase gratings and their operation
As seen in the previous section, the phase gratings con-
figuration at the SLM’ screen determine the operation
that is implemented in the initial state: each phase grat-
ing Φl(y
′) compose, by its Fourier coefficients, the l-th
column of the matrix Mlj . Now we show how to use
some simple phase gratings in order to make important
operations, such as permutation and projections. We will
present a study of their coefficients as well as examples
of M that can be achieved with these gratings. Most
of these examples will be in Hilbert spaces of dimension
d = D = 3 for the initial and final qudit, selecting orders
−1 ≤ j ≤ 1, but this is not an intrinsic limitation of this
proposal, as seen in Sec. III.
1. Saw-tooth grating
The first one to be considered is the saw-tooth phase-
grating, determined by:
Φ(y) =
ϕy
T
, (28)
where ϕ is the maximum phase value of the grating. The
coefficientes of the Fourier expansion for this idealized
continuous grating is given by the following expressions:
C0 = e
iϕ/2 sinc(ϕ/2), (29)
Cj = e
i(ϕ/2−jpi) sinc(ϕ/2− jpi). (30)
The behavior of this Cj ’s, in function of the value of ϕ is
showed in Fig. 3 and 4.
saw-tooth grating, squared modulus 
FIG. 3. The behaviour of the modulus squared of the coefi-
cients of the saw-tooth grating, as function of the maximum
phase value ϕ. As it is possible to get up to ϕ ≈ 8pi modula-
tion with a SLM, this is the maximum choose in the graphic.
The values of ϕ < 0 represent an descending saw-tooth grat-
ing and the ϕ > 0 region represents an ascending saw-tooth
grating (see (30)). The dotted line at ϕ = 0 represents a divi-
sion between the these two regions. The negative values of ϕ
means a saw-tooth grating that varies in the opposite direc-
tion. The orders j = 1, 0,−1, 2,−2, 4,−4 are showed. This
grating has the interesting characteristic of having Cm¯ = 1
for ϕ = m¯2pi.
It is important to note that for each value of ϕ, a dif-
ferent operation is implemented in the component asso-
ciated to the grating. For ϕ = m¯2pi, all the coefficients
are null except for the Cm¯ coefficient, which is equal to
1. This means that if such a phase grating is used at the
i -th path, its contribution to the final state will be only
to the m¯-th component of the final state. For example,
7Phase behaviour, saw-tooth grating
FIG. 4. The behaviour of the relative phase between the
coefficients of the saw-tooth grating and the incoming path
component. The ϕ with negative sign represents the descend-
ing saw-tooth grating while the positive sign representing an
ascending saw-tooth grating. The interval {−4pi, 4pi} shows a
typical behaviour for the orders j = ±1 and j = 0. . All or-
ders have a linear dependence on ϕ with periodically pi phases
added by the change of signal of the sinc function. The plot
is made modulo 2pi.
if the initial state is given by:
|X0〉 =
01
0

X
, (31)
and the saw-tooth phase grating with ϕ = 2pi is used, the
final state will be, after renormalization:
|Y1〉 =
10
0

Y
. (32)
With such a phase grating it is possible to make Right-
, Left- and permutation operations [1]. The M matrix
for the Left- operation in a 3 dimensional Hilbert space,
for example, is:
MLeft ∝
 0 0 11 0 0
0 1 0
 , (33)
and can be performed by our proposal by making
Φ3(y
′) = −Φ2(y′) = 2pi/T and Φ1(y′) = 0. All these
transformations (lowering, raising and permutations) are
restrained by the maximum modulation of the SLM. As
nowadays SLMs can reach a maximum modulation of ap-
proximately 8pi, it means that this proposal can be used
to get transformations such as (33) up to d = 8, with
current technology. However, this limitation can be over-
come by the development of SLMs with higher maximum
modulation.
Another important feature that is achievable with this
grating, together with spatial filtering, is to block a path
state component: this is made by using a saw-tooth grat-
ing with ϕ = 2m¯pi with a high value of |m¯|. In this case
the only non-zero coefficient is filtered out of the setup.
This can also be done by making the period of the grat-
ing shorter, in order to increase the separation ∆y be-
tween the orders, reaching the same effect. With this
second possibility, projection into the computational ba-
sis is straightforward. In cases where only permutations
or computational basis projections are used, the polar-
izers can be taken out of the setup since there will be
no superpositions of different paths in the x -direction,
making the expression in (33) an equality, saving losses.
2. Binary phase grating
Another simple phase grating to use is the binary phase
grating represented by the function:
Φ(y) =
{
0, 0 ≤ y < T/2,
ϕ, T/2 ≤ y < T, (34)
with Fourier coefficients given by:
C0 = e
iϕ2 cos(ϕ/2), (35)
Cj =
{
2
jpi e
iϕ2 sin(ϕ/2), j odd,
0, m even.
(36)
With this phase grating other transformations are pos-
sible. It is important to note that all the coefficients
with j < 0 have an opposite phase to the j > 0 while
|Cj | = C−j . The central order (determined by C0) have
its phase equal to the j > 0 coefficientes for 0 ≤ ϕ < pi
and equal to the j < 0 orders for pi < ϕ < 2pi. These
phase grating’s coefficients have the interesting charac-
teristic of being periodic in ϕ, with period 2pi, and the
zeroth order is null at ϕ = (2k + 1)pi, with k a positive
integer number. These behaviours are depicted in Fig. 5
and 6.
Binary grating, squared modulus
FIG. 5. The behaviour of the modulus squared of the coeffi-
cients of the binary grating, in function of ϕ, for the first nine
orders. This grating’s coefficients are periodic, with period
2pi. At ϕ = pi, the order j = 0 is null and all the other orders
reach their maxima. The coefficients of j < 0 have the same
squared modulus of the j > 0 coefficients.
Using this grating in a qutrit initial state, with ϕ =
arctan(pi/2) for components l = 1, 2 and 3 with addition
of a constant phase of value pi in the l = 3 region of the
SLM, it is possible to make an operation proportional to
the projection in the state |v〉 = (1, 1,−1)T –the propor-
tionality, not an equality, occurs because it is necessary
8Phase behaviour, binary grating
FIG. 6. The phases of the coefficients calculated from the bi-
nary grating. The phase of the orders relative to the incoming
state is linear with ϕ. It is interesting that for each value of ϕ
that the j = 0 order goes to C0 = 0, it changes by an amount
of pi. The plot is made modulo 2pi and shows two periods of
the phases.
to make use of the filtering described in the previous sec-
tion. In matrix form:
M∝ 1
3
 1 1 −11 1 −1
−1 −1 1
 ; (37)
The constant of proportionality is 1 − τM = 0.86 calcu-
lated from (25). Other qutrit projections can be obtained
with the use of this phase grating and the saw-tooth grat-
ing. It is important to remind, when considering different
operations, that the constant τM depends on the matrix
M.
3. Triangular grating
This grating is defined as
Φ(y) =
{−ϕ2piy
T , −T/2 ≤ y ≤ 0,
ϕ2piy
T , 0 < y ≤ T/2,
(38)
with Fourier coefficients given by
C0 =− iei
ϕ
2 sinc (ϕ/2), (39)
Cj =
−i
2
ei
ϕ+pij
2 sinc [(ϕ+ pij)/2]
− i
2
ei
ϕ−pij
2 sinc [(ϕ− pij)/2]. (40)
The behaviour of these coefficients with ϕ is shown in
Fig. 7 and 8. It is important to note that for this grating
C−j = Cj , reflecting the simetry of the function shown
in Eq. (38).
It is important to mention that this grating also has
coefficient values less negligible than the binary grating
for higher orders. With the triangular phase function
with ϕ = 2pi in regions l = 1, 3 and the spatial filtering
of the initial state component l = 2 by the proper saw-
tooth grating it is possible, for example, to make the
Triangular grating, squared modulus
FIG. 7. The behaviour of the modulus squared of the coeffi-
cients of the triangular grating as function of ϕ. As ϕ goes
further from zero, higher orders starts to have |Cj |2 not negli-
gible. The maximum for each order, however, is not the same.
At ϕ = 2pi, the order j = 0 is null. The coefficients of j < 0
are identical to the j > 0 coefficients.
Phase behaviour, triangular grating
FIG. 8. The phases of the coefficients for the triangular grat-
ing. The phase of the orders relative to the incoming state is
linear with ϕ. The plot is made modulo 2pi. Again it is pos-
sible to see that the phases have discrete variations of value
pi coming from the sinc functions.
following operation:
M∝ 1
2
 1 0 10 0 0
1 0 1
 , (41)
which is proportional to the projection at the |w〉 =
(1, 0, 1)T state. In this case the normalization constant
is 1− τM = 0.36.
B. Combinations, grating displacement and more
general maps
An important feature of this proposal is that the quan-
tum operations are automated and defined by the diffrac-
tion gratings used; thereby unbounded possibilities for
transformations can be envisaged. This possibilities,
however, are not confined to the different gratings to
be used. Combinations of gratings with coefficients al-
ready calculated and use of the same gratings displaced
by a distance “a” can produce new operations. It is
also straightforward to produce, with few changes in this
setup, convex sum of operations.
91. Displacing gratings
Different quantum operations can be realized by dis-
placing a phase grating by an integer number p of pixels
or an amount a = p ∗ l in the y-direction, considering l
as the size of the pixel in the y direction. If we write
eiΦ(y
′) = f(y′), and use the superscript (d) for the dis-
placed function we have:
C
(d)
j =
∫ T
2
−T2
fd(y′)e
−2piij
T y
′
dy′
=
∫ T
2
−T2
f(y′ − a)e−2piijT y′dy′
=
∫ T
2 −a
−T2 −a
f(y)e
−2piij
T (y+a)dy
= e
−2piij
T a
∫ T
2 −a
−T2 −a
f(y)e
−2piij
T ydy
= e
−2piij
T aCj . (42)
As a = pl and T = Nl, we have:
C
(d)
j = e
−2piij
N p Cj , (43)
where C
(d)
j is the coefficient of the displaced grating and
N is the total number of pixels in a period T . This shows
that by displacing transversally the grating (relative to
the position of the center of the gaussian amplitude of
the path state component in the y-direction) we are able
to change the relative phases of the coefficients. It im-
plies that the same grating with the same ϕ can be used
to have different Cj ’s and, thereby, different operations.
This technique used with a saw-tooth grating can be a
simple manner to perform on the input state the Pauli
matrices in Hilbert spaces of dimension D = 2, for ex-
ample.
2. Composition of gratings
Another way of achieving different operations is to
combine two gratings to have another one. When the
first grating is described with the function Φ(1) and the
second Φ(2), the new operation is described using the
function Φc = Φ
(1) + Φ(2), with simple change of the im-
age sent to the SLM. This combination does not change
the obtained results trivially. However, if one of the com-
bining gratings is a constant phase it is possible to see
that the action of this combination is to multiply all the
column of the matrix M defined by this grating by this
constant phase:
Cjl
composition−→ eiθCjl. (44)
In the case of a saw-tooth grating with ϕ = 2m¯pi being
combined to a previous grating (described by Φ(1)(y′)),
the effect is to translate the grating column by m¯. Calling
Ccj the coefficient of the composed grating Φc(y
′), this
can be shown as follows:
Ccj =
∫ T
2
−T2
eiΦc(y
′) e
−2piij
T y
′
dy′
=
∫ T
2
−T2
e
2m¯pi
T y
′
eiΦ
(1)(y′) e
−2piij
T y
′
dy′
=
∫ T
2
−T2
eiΦ
(1)(y′) e−i
2pi
T (j− m¯) y′ dy′
= C(j− m¯), (45)
where Cj is the coefficient of the Φ
(1)(y′) grating.
These two possibilities can contribute to achieve the
wanted operation without the necessity to look for dif-
ferent phase gratings. However, they are limited by the
maximum modulation of the SLM, which means that the
maximum value of ϕ of the combined gratings cannot
exceed this maximum modulation, otherwise the imple-
mented composed operations are not given by (44) or
(45).
3. More general maps
We have considered transformations such as ρ →
MρM†, now we address the problem of operations given
by maps of the more general form ρ → ∑i K¯iρK¯†i . Us-
ing the automated characteristic of the SLM this can be
made easy if the source of the initial state is not deter-
ministic in time, similar as described in details in [27]. In
this reference, photonic qudits are prepared in the path
variables and the SLM’ screen is divided in d regions
aligned with the paths. In each of those regions, it is
used a constant phase function. By changing the phase
masks in the SLM screen, with the i -th mask being in
display by a fraction ti of the detection time, one can
see that ti is proportional to pi, the probability of imple-
menting the operationMi, represented by the i -th phase
mask. It means that in this case the transformation in
the initial state is:
ρ→
∑
i
piMiρM†i =
∑
i
K¯iρK¯
†
i , (46)
where K¯i =
√
piMi. Comparing (46) with (2) in sec.
II, we can see that this proposal can be used to simu-
late open quantum systems dynamics, if the K¯i represent
correctly the kraus operators of such dynamics. In ref-
erence [27] this was done with slit state qudits and the
diagonal-only transformation in such encoding made that
some maps whose Kraus decomposition have non-null off-
diagonal elements could not be simulated. With this
proposal and multipath encoded qudit state this limit
is overcome; then, other open quantum systems dynam-
ics simulations can be done if one find the correct phase
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gratings to implement the Kraus operatros of such dy-
namics.
Another way of having the convex sum of operators
acting on the initial state, as in (46), is to use a random
number generator with the correct distribution to define
the instants in which the operations implemented by the
SLM are changed.
C. Effects of pixelation
The phases applied by the SLM are controlled by a
discrete grayscale or a discrete voltage scale, what can
impinge differences. The differences caused by these dis-
cretizations will depend on the number of values that the
grayscale or voltage scale can assume and the value of
maximum modulation (ϕ) used in the gratings. We will
not consider it here. However, it might be important in
some applications to analyse carefully the problems that
might occur because of that phase scale discretization.
Another source of discretization imposed by the SLM is
due to the fact that its secreen is pixeled. This means
that the SLM cannot apply continuous phase function
in the plane x: for each pixel, the applied phase is con-
stant. In reality, the phase is not applied by the whole
pixel, but by a fraction of its area, defined by the SLM
fill factor. Since it is common to have fill factors f > 0.9,
and even f ≈ 1, we will not consider this effect. The pix-
elation, however, imposes a discretization in the phase
function Φ(y′) that cannot be neglected for some masks.
To see the effect of the pixelation, lets consider a triangu-
lar phase grating, in the form given by (38). The actual
implementation in the SLM is given by:
Φ(y′) =
{
ei
2nϕ
N , 0 ≤ n ≤ N2 − 1;
e(i
2nϕ
N −2ϕ), N2 ≤ n ≤ N − 1,
(47)
where n defines each pixel, labelled from n = 0 to n =
N−1 for a period of N pixels. The function on (47) gives
the following coefficients:
C0 =
2
N
sinc
(
j
N
)
ei
ϕ
2
sin
(
ϕ
2
)
sin
(
ϕ
N
) cos( ϕ
N
)
, (48)
Cj =
sinc
(
j
N
)
N
ei
ϕ−pij
2
[
e−i
ϕ
N
sin
(
ϕ−pij
2
)
sin
(
ϕ−pij
N
) + ei( ϕN−pij) sin (ϕ+pij2 )
sin
(
ϕ+pij
N
)] . (49)
These results are different than the ones in (40), what im-
poses a modification in the idealized results that can be
severe. One can note that the C0 coefficient is 1 for some
values of ϕ that depends on N (see Figs. 9 and 10). It is
interesting to note that this severe modification happens
for higher values of φ, as N increases. Another important
modification between these results and the idealized ones
is that, for this grating, Cj is no longer identical to C−j .
This can be seen in the Figs. 9 to 12, that summarize
these effects for N = 6 and N = 10. This means
that the pixelation modifies the relative phase of the co-
efficients and their modulus, changing the actual imple-
mentation usually decreasing the diffraction efficiency, for
some values of ϕ – that goes to ∞ as N increases. Ac-
tually, the expression in (49) tends to the expressions of
the idealized function [(40)] if N → ∞. This limit has
to be carefully considered: the separation between the
orders of diffraction is proportional to 1T =
1
Nl , where l
is the size of the pixel in the direction of the periodic be-
haviour of the grating. This means that only increasing
the number of pixels is not the best way to have a good
experimental result, since the separation between the or-
ders is important to have the qudit well encoded. It is
important to have N → ∞ while Nl → T = constant,
which means smaller pixels. This implies that in order
Pixeled triangular grating N=6, squared modulus 
FIG. 9. Comparison of |Cj |2 between the pixeled triangular
grating and ideal triangular grating for the orders j = ±1
and j = 0 with N = 6. It can be seen that these coefficients
modulus present similar values that the idealized ones when
ϕ ≈ 0. However, near ϕ = 6pi the orders have a very different
behaviour than that of the idealized ones with Cj = δj0, where
δlj is the Kronecker delta function.This anomalous behaviour
have period Npi.
to have a better agreement of the pixeled and idealized
functions, it is better to have a SLM with smaller pixels.
It can be seeing in Fig 9 to 12 that, for intervals of
ϕ in which ϕN ∈ {0, pi/6} for the cases considered, the
difference of the pixeled and ideal grating for the modulus
of the coefficients can be negligible, while the phase of Cj
and C−j are now different.
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Pixeled triangular grating N=10, squared modulus
FIG. 10. Comparison of |Cj |2 between the pixeled triangular
grating and ideal triangular grating for the orders j = ±1 and
j = 0 with N = 10. The plot goes from ϕ = 0 to ϕ = 10pi
in order to make it possible to see the anomalous behaviour
near ϕ = 10pi, where Cj = δj0, δlj being the Kronecker delta
function. For the region ϕ ≈ 0, the coefficients have similar
modules than the one of the idealized grating.
Pix. triang. grating N=10, phase behaviour
FIG. 11. Phase behaviour for the coefficients of the N =
6 pixeled triangular function, compared with the idealized
triangular function’s coefficients for orders j = 0 and j = ±1.
The linear dependence on ϕ is mantained, but it is possible
to see a difference due to the pixelization, making Cj 6= C−j .
The graphic is plotted to ϕ = 10pi as the |Cj |2 plot, in Fig 9.
For ϕ ≈ 3pi, it is possible to see that, for almost all values of
ϕ in the range {3pi, 8pi} there is a difference of approximately
pi between the two cases.
Pix. triang. grating N=10, phase behaviour
FIG. 12. Relative phase between the N = 10 pixeled triangu-
lar function’s coefficient and the path state component of the
initial state. This plot compares the pixeled function results
with the idealized triangular function’s coefficients for orders
j = 0 and j = ±1. The linear dependence on ϕ is maintained,
but it is possible to see a difference due to the pixelization that
makes Cj 6= C−j . The graphic is plotted to ϕ = 10pi as the
|C2j plot, in Fig 10. For ϕ ≈ 5pi, it is possible to see that,
for almost all values of ϕ in the range {5pi, 10pi} there is a
difference of approximately pi between the two cases.
This result can be generalized to other linear functions
of y, such as the saw-tooth grating. In this case, for ex-
ample, a ϕ = 2pi grating implies a C1 = 0.96, for N = 12,
instead of C1 = 1, for the idealized case. This means that
for the simpler linear gratings this effect can be made of
order of less than 5 per cent. In our example, we found an
analytical form to describe the pixelation effects. How-
ever, depending on the mask this can be hard; the coeffi-
cients and their deviation to the idealized case may have
to be numerically calculated.
V. CONCLUSION AND PERSPECTIVES
In this work, we present a proposal to have more gen-
eral automated operations on multipath photonic pure
qudits encoded in one direction. This is done by using
periodic phase gratings on a phase-only SLM and a inter-
ferometer that merges the initial path state components
into one alone, while the transformed state will be now
encoded in the orthogonal direction. It is important that
the state is prepared with an amplitude that is eigenfunc-
tion of the Fourier Transform. Since the operation is con-
trolled by the function used in the programmable SLM,
this proposal is completely automated. This proposal
overcomes the limitation for implementing non-diagonal
operations present in the slit states while preserving the
final state and the dimension limitation present in polar-
ization encoded qudits. In addition, since there is a wide
range of different phase gratings to be used, there are
several transformations possible with this proposal. This
method can be used to make sequential operations, cre-
ating new possibilities for experimental studies in funda-
mental quantum theory and quantum computation pro-
tocols. We also considered the effects of pixelation due
to the SLM screen, showing how it affects the results for
some phase gratings.
This work can be complemented by the use of photonic
chips or optical fibres to substitute the interferometer for
a better control and by a study of the generality of this
approach in order to know what operations can be made
with this proposal. It would be important to search for
an algorithm to find the correct phase function for a given
desired matrix operation.
Important operations, such as permutations and pro-
jections, however, can already be done with this proposal,
in an automated way, using the gratings showed in this
paper, bypassing important difficulties already found in
discrete variable quantum optics experiments.
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